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Abstract 

Q_i' We discuss the BRST cohomologies of the invariants associated with the description 

of classical and quantum gravity in four dimensions, using the Ashtekar variables. These 
invariants are constructed from several BRST cohomology sequences. They provide a 
systematic and clear characterization of non-local observables in general relativity with 
unbroken diffeomorphism invariance, and could yield further differential invariants for four- 
manifolds. The description includes fluctuations of the vierbein fields, but there exits a 
non-trivial phase which can be expressed in terms of Witten's topological quantum field 
theory. In this phase, the descent sequences are degenerate, and the corresponding classical 
solutions can be identified with the conformally self-dual sector of Einstein manifolds. The 
full theory includes fluctuations which bring the system out of this sector while preserving 
diffeomorphism invariance. 
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A great deal has been learned recently about 2-manifolds, and it is now possible to 
give a complete description in terms of the gravitational fields in two dimensions (2D) [J]. 
Similar results have also been obtained in three dimensions pfl. It is however not entirely 
clear how such results can be extended to 4-manifolds. There are several reasons for 
suspecting that this generalization will not be straightforward. Firstly, unlike in two and 
three dimensions, in four dimensions pure gravity can exist in a phase wherein there are 
two propagating degrees of freedom. Secondly, the work of Donaldson and others || shows 
that 4-manifolds can have far richer differential structures than in other dimensions, so 
their complete characterization can prove to be a daunting task indeed. 

Witten has suggested ||] || that 4D gravity possesses a phase describable by a topo- 
logical quantum field theory(TQFT)||, in that the observables consist entirely of global 
invariants. Some of these invariants have been identified. In particular, it can be shown 
that by considering the moduli space of (anti-) instantons, the Donaldson maps|7j can be 
identified as BRST invariants of the corresponding TQFTQ. 

What happens when we have 4-manifolds which can support 4D gravity with prop- 
agating degrees of freedom? To extend Witten's analysis to such instances, it will be 
necessary to describe these degrees of freedom using variables that are related naturally 
to those employed in TQFT. In particular, we must require that they are suitable for 
implementing both diffeomorphism and gauge invariance. 

In this article, we show that in many respects the variables introduced by Ashtekar sat- 
isfy these requirements || . In place of the metric of general relativity, the classical Ashtekar 
variables corresponding to specific Einstein manifolds consist of densitized triad fields, and 
their conjugate momenta, which turn out to be simply SO (3) gauge potentials satisfying 
(anti-) self-duality conditions. We shall analyze the classical and BRST symmetry of 4D 
gravity in terms of these variables, determine their cohomology descent equations, and 
identify the invariants which can be constructed out of them. These quantities can then 
be used to describe the diffeomorphism and gauge invariant observables of the theory, and 
to furnish characterizations of the differential structures of such 4-manifolds. 

We shall work with Riemannian manifolds and start with the action proposed by 
Samuel @: 

167tG J m 3 
where the anti self-dual two-form 

S a = ^e a bc {e b Ae c -e Ae a } (2) 
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and e^, A = 0, . . . , 3 denote the vierbein one-forms in four dimensions. The Latin indices 
run from 1 to 3 and label internal SO(3) indices. F a is the curvature two- form of the SO (3) 
Ashtekar connection A a , while A is the cosmo logical constant. In the Ashtekar formalism, 
the metric is considered to be a derived quantity, expressed in terms of E through 

In applying the canonical formalism to Eqn. ([!]), it is convenient to work in the spatial 
gauge in which the vierbein can be written as 



N 



(4) 



where the Greek index \x runs from to 3. The form assumed in (^) is compatible with 
the ADM[]TIJ decomposition of the metric 

ds 2 =eAu e Avdx tJ, dx l/ 

(5) 

=N 2 (dx ) 2 + gij (dx l + N l dx°)(dx J + N J dx°) 

with the spatial metric = e a ie a j. Thus we see that the choice (^[) in no way compromises 
the values of the lapse and shift functions N and N l which have geometrical interpretations 
in hypersurface deformations. With this decomposition, it is straightforward to re-write 
Eqn. ([I]) as 

a = iLg S d4x { 2&iaA ™ + 2A ^ D ^ ia + 2NJ&iaF ^} 



(6) 



+ boundary terms 
with a and N defined as follows 

a ia =\l ljk e abc e jh e kc (7a) 
A=det(e ai )- 1 A (76) 

The tildes above and below the variables indicate that they are tensor densities of weight 
1 and -1 respectively. Thus 2a ia is readily identified as the conjugate variable to A ia . (We 
shall suppress the factor 16ttG for convenience). The variables A^ a , N l and N are clearly 



Lagrange multipliers for the Ashtekar constraints. These constraints can be identified as 
Gauss' law generating 50(3) gauge invariance 



G a = 2 Did ia « (8) 

and the "supermomentum" and "superhamiltonian" constraints 

Hi = 2a ja F ija « (9a) 

H = e a6c cW 6 (F,g + ^e ijk a kc ) « (96) 

Ashtekar showed that these constraints, despite their remarkable simplicity, are equivalent 

in content to the constraints and constraint algebra of 4D general relativity. The equations 
of motion that are obtained can be written succinctly asJTT 



DH a = (10a) 

F a = S ab Z b (106) 

with 

S a b = Sba an d TrS = —X (10c) 

The last two conditions solve the "supermomentum" and "superhamiltonian" constraints, 
and can be taken to be the general solution for non-degenerate metrics. For metrics of 
Euclidean signature, S is a real symmetric matrix with three eigenvectors. The classical 
solutions can then be classified according to the number of distinct eigenvalues of S, and are 
called Types I, D, or O, depending on there being three, two, or one, distinct eigenvalues 
respectively. The set of equations (10 )can be shown to be equivalent to the equations for 
Einstein manifolds in four dimensions i.e. R^ v = Ag^i. One can, in principle, eliminate 
S from the theory by using the relation implied in ( |106|) and obtain 

S ab = -~*(F a A-E b ) (11) 

with 

e a bc F b AE c = (12) 



3 We show elsewhere] 11] that all classical Einstein manifolds can be described as anti-instantons 
in the Ashtekar variables. Indeed, we can establish a relationship between the reduced phase space 
of these variables and the moduli space of reducible and irreducible anti-instantons, and thence 
construct new topologically non-trivial solutions. 
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and 



F a A E a = -2A * (1) 



(13) 



where * is the hodge dual operator. S plays an important role in characterizing the possible 
phases of the theory. However, it is prudent not to eliminate £ in favor of F by inverting 
S, because there are various interesting cases for which S is non- invert ible, and yet the 
vierbein and £ remain regular. Explicit examples, especially those involving the F = 
sector, as well as cases with abelian anti-instantons, are described in ||11|| . In what follows, 
we shall construct invariants that are dependent on F and on E, thereby demonstrating 
that they are both essential in the description of 4D gravity. 

We begin by analyzing the symmetries of the action and the associated BRST invari- 
ance. It is easy to see that the action is invariant under SO (3) gauge transformations 
as well as four dimensional diffeomorphisms. Working with A, which is explicitly gauge- 
invariant, we can consider a diffeomorphism 0, of M into itself, generated by the vector 
field (3. On the one- form variables A a and e A , the induced variations are Lie derivatives 

SA a = CpAa = (i p d + di p )A a (14) 

and 

5e A = Cpe A (15) 

with ip denoting interior multiplication or contraction with the vector field (3, which in 
local coordinates can be written as (3^3^. If we denote the Lagrangian four-form as L, 
then 

/ (L -</>*£) =0 

Jm (16) 
CpL = / ipL = 

' M JdM 

The action is thus invariant if M is closed, while for open M, invariance can be maintained 
provided f3 vanishes at the boundary. Since 50(3) gauge invariance is a symmetry of the 
theory, one can also consider diffeomorphisms for which the exterior derivative operator in 
the Lie derivative is replaced by the covariant derivative to make it compatible with the 
canonical analysis. 



In the BRST formalism, the classical gauge and diffeomorphism symmetries are mim- 
icked by transformations with the parameters replaced by ghosts rj' a and £. Thus the BRST 
transformations of the variables are (henceforth 5 shall mean Sbrst) 

SA a = —Dr]' a + C^A a (17a) 

Se a = -e a bc f]' b e c + £ c e a (176) 

5e = £ ? e (17c) 

For a general differential form x, 

= (nd - di{)x (is) 

There is a sign difference in the second term because, unlike a normal vector field, £ carries 
a ghost number of 1. The above BRST transformation of the vierbein implies that the 
antiself-dual two form E a transforms according to 

5Z a = -e a bc V ' b Z c + £t:Z a (19) 

The standard procedure of splitting the ghost r/ into rf = rj — i^A allows us to write the 
BRST transformations in a gauge-covariant manner 

5A a = -D Va + i^Fa (20a) 
5E a = -e a bc Vb E c + i^DEa - Di& a (206) 

The BRST transformations for the ghosts are 

dVa = ~)fa b °VbVc + \kkFa (21) 

and 

8Z=\C£ i.e. 8e = ?d v (* (22) 

It can be verified that the BRST transformations above are nilpotent i.e. 5 2 = 0. The 
variables (A, 77, £,£), which are (1,0,2) forms and a vector-field respectively, are assigned 
ghost numbers (0,1,0,1) and carry a grading equal to the form degree plus the ghost 
number. By this we mean that if Xi,2 are pi^-forms with ghost numbers 01,2, then 

Xi A%2 = (-1) P X2 A X i; P= (pi+9i)(P2 +92) (23) 
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The effective quantum action wili consist of the ciassical action and a piece from a 
gauge-fixing Lagrangian of the form L g j_ = 5x which will involve anti-ghosts and auxiliary 
fields. Since the BRST transformation is nilpotent, the effective action will be BRST- 
invariant provided the boundary term vanishes. 

The transformation rules for A and rj may also be obtained by considering the multiplet 
(A,rj) as a connection A of the universal bundle over M x C/Q. Here C is the space of 
connections A, while Q is the group of gauge transformations. A carries a grading of 1, 
and can be decomposed into its (1, 0) and (0, 1) components as 

A a = A a + j] a (24) 

Its curvature is given by 

F a = (d + 5)A a + X -t a bc A b A A c (25) 
The transformation rules for A and r\ are equivalent to the statement 

F a = exp(z ? )F a = + 2jUU)F a (26) 

which reduces to the "soul-flatness" condition, F = F, in ordinary gauge theories when 
diffeomorphism invariance generated by £ is absent. Here the concept of "horizontality" in 
curved space is the statement that F can be expanded in terms of F and its contractions 
with the ghost £. The BRST transformation of F as a consequence of (|20a| ) is 

6F a = -e a bc Vb F c -(Di ( F) a (27) 

It can be verified that the curvature F satisfies the Bianchi identity 

DF a = (d + 5)F a + e a bc A b A F c = (28) 

As a consequence Tr(F n ) obeys 

Z)(Tr(F n )) = (29) 

Since the gauge group is SO(3), it suffices to consider n = 2. One can expand F a A F a in 
terms of the ghost number i.e. writing 

4 

K A F a = %=4- s (30) 

3=0 
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The resulting BRST cohomology descent equations from (|29| ) i.e. 



are 



(d + d)(F a AF a ) =0 



dWt = (31a) 
SWi_ g = -dWtl for o = l, 2, 3 (316) 

oW 4 = (31c) 



with 



W 4 ° = F a A F a W3 1 = z c (F a A F a ) 

^2 = A F a ) Wf = ^Hk( F a A F a ) 

f 4 = ^(F a AF„) 

Consequently, there is an off-shell descent sequence involving the curvature of the 
Ashtekar connection. In view of the fact that on-shell, the covariant curl of £ is zero 
and £ transforms in the same way as F, one expects that a BRST cohomology sequence 
analogous to the W descent exists for £ as well. This is indeed true if one also makes 
use of the other equations of motion (|10E| ) and (10c). This suggests that even off-shell, a 
descent involving £ could be realized. However for off-shell computations we should keep 
all terms involving D£. We thus find that the BRST transformations of £ and £, Eqns. 
and ( |2~I| ) imply 

1 1 

o(^£ a ) =-e a bc r] b i^T, c + —i^i^DE a - — [D(i^E)] a (32a) 
8(—yi^E a ) =-e a bc r] b ^i^i^T, c + ^^i 5 ^DE a (326) 

So instead of the Bianchi identity for F, we have 

DTi a ={d + o)(£ a + z c E a + ^T^Ea) 

+ e a bc (A b + r] b ) A (£ c + z ? E c + ^^E c ) 
=F>E a + z ? F>E a + —yi^DEa + —yi^DE a (33a) 

i.e. 

DTi a = exp(z e )DE a (336) 
7 



Thus we see that the consistency condition is the requirement that DT, can be expanded 
in terms of .DE and its contractions with the ghost £. For DF, this expansion is trivial 



because of the Bianchi identity for F. By considering D(E a A E a ) we have 

(d + 6) (E a A E a ) = 2DE a A E a (34) 
and expanding E a A E a in terms of ghost number, 

4 

E a AE a = 5>/_ g 

3=0 

and using M) , fl3|) and fl3J), Eqn. fl3J) yields the identities 

d(E a A E a ) =2DE a A E a (35a) 

o(E a A E a ) = — d[^(E a A E a )] + z e d(E a A E a ) (356) 

o[z € (E a A E a )] = - d[-izU(Z a A Ea)] + ^kkd(Z a A E a ) (35c) 

5[— ^(E a A E a )] = - d[—i^i^(E a A E a )] + —yi^d(E a A E a ) (35d) 

o"[^i ? z^(E a A E a )] = - d[-jyZ ? i ? z^(E a A E a )] + — ^fZ£Zfd(E a A E a ) (35d) 



It is remarkable that although E, unlike F, has a non-zero covariant curl off-shell, the non- 
exact terms on the R.H.S. of ( p56p - ( ^5/[ ) actually vanish because they are all contractions 
with £ of d(E a A E a ), which is zero in four dimensions. Hence, we do have another BRST 
cohomology sequence with descent equations 

(36a) 

for a = l,2,3, (366) 

(36c) 

where 

F 4 ° = E a AE a V3 = i^(E a A E a ) 

V 2 2 = ^(£ a A E a ) V? = jftiMVa A E a ) 

V = ^jW^( S « AE a) 
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dw 5 =0 



d^ 1 



W =0 



The existence of the two descents above naturally leads us to ask whether a further 
descent can be constructed from E a A F a by considering -D(E a A F a ). It is straightforward 
to verify that from 

(d + 5)E a A F a ) = -DE a A 

we arrive at 

o(E a A F a ) = -d[i € (E a A F )] + z ? d(E a A F a ) (37a) 
%(E a A F a )] = -d[^z^(E a A F a )] + ^HHd{X a A F a ) (376) 

S[-i^(E a A F a )] = -d[-z^(E a A F a )] + -z^d(E a A F a ) (37d) 

S [y kkk(Za A F a )] = -d[^^^(E a A F a )] + — ^z^d(E a A F a ) (37d) 

^[■^HkHh&a A F a )] = -^^^d(E a A F a ) (37e) 

The non-exact terms on the R.H.S. are again contractions with the ghost £ of d(E a A F a ), 
which also vanish in four dimensions. There is thus a third BRST cohomology descent 
sequence. While the two previous descents involve either F or E but not both together, 
this third set of descent equations involves both E and F i.e. the conjugate variables a 
and A. The corresponding descent equations can be written as 

dU% = (38a) 

6Ui_ g = -dUl+l for o = l,2, 3, (386) 

5U$ = (38c) 



with 



t/ 4 ° = E a AF a Ul =z ? (E a AF a ) 

U 2 = yHk&a A F a ) Ul = ^W C (E a A F a ) 



U o = |fW^(S 8 AF a ) 
The elements of the BRST descents can be used to construct invariants by integrating 
over the appropriate cycles. Observables of the theory should be expressed in terms of 
these invariants. To obtain the invariants, consider 7 P e H P (M); p = 0, . . . , 4. Picking an 
element Y 4 ~ p of the W : V, or U descent, we see that 

y P 4 ~ p = -[ <-T 

= 
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Moreover, the BRST cohomology class of P (7 P ) = J 7 Y^ p depends only on the ho- 
mology class of 7 P because the descent equations guarantee that for j p , ( p = 7 p + du p+ i E 
H p (M); p = 0,...,S 



yi-p 
P 



Y p 4 ~ P h P ) + [ dY^v 
Y p 4 ~ P h P ) - 6 [ Y 1 



3-p 
p+1 



Finally, consider the following transformation: 

5 [ S ab F a A F b = - [ i£(S ab F a A F b ) (39) 

J M J DM 

Provided the boundary term vanishes (which is automatic if M has no boundary), a 
further global invariant, J M S ab F a A F b , will be present. In the classical context, this 
is an independent invariant only for Petrov Type I Einstein manifolds [ D] . It is possible to 
construct a descent for which S ab F a A F b is the zero ghost number four-form. This can be 
achieved by using the identity 



D (s ab F a A F 6 ) = (DS ab ^ AF a AF b 

!l AF a AF b 



{DS) ab + i(: (DS) ab 



(40) 



with S ab = — -t* (F a A T, b + E a A F b ). The descent equations take the form 

d (S ab F a A F 6 ) =0 (41a) 
d(S ab F a A Fb) = - d[i c (S ab F a A F 6 )] (416) 
5[is(S ab F a A F 6 ] = - d[^i^(S ab F a A F 6 )] (41c) 

^[^%%(^ a6 ^a A F 6 )] = - d[^i^{S ab F a A F 6 )] (41d) 

^ We(S ab Fa A Fb)] = - d[i^ e i^(S a6 F a A Fb)] (41e) 

^iirt(^-A^)]=0 (41/) 

Unlike the previous descents, this set of equations explicitly involves the duality operator 
*, and hence the inverse of the metric g pu , defined through Eqn. (|3]). Since degenerate 
metrics could not be ruled out in quantum fluctuations, and the descent involves compli- 
cated products of non-commuting operators, it remains to be seen whether the descent 
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(41 )survives regularization. However, even in the classical context, it would be interesting 
to investigate the interplay between degenerate metrics and the invariants defined by (fjip. 

In TQFT, the form with zero ghost number in the descent equations, called the top- 
form, can be regarded as the action before gauge fixing. For our purposes, the action ([]]) 
is also a combination of top-forms from two of the three sequences, and correspond to U®, 
and the cosmological (volume) 4-form V®. The last top-form, W® can be added on to the 
action density, and will give a term analogous to the #-term in QCD. 

A Dirac quantization of the theory requiring that physical quantum states be annihi- 
lated by all the constraints has to face the problem of having a consistent ordering of the 
quantum constraints. We choose one specific scheme of ordering to make the discussion 
concrete. While such a procedure is not the final word on such a complicated theory, it is 
nevertheless instructive, and one expects the broad features of the theory to be present for 
all schemes. An ordering with a formal closure of the quantum constraint algebra exists 
and it can be shown fli~2|| [|i3fl that the resulting physical states selected by 



H\q >= G a \^ >= HA^ >= 



(42) 



has a sector described by 



Q|W >= 



where 



^ A f j3 S A ( - 3C 

Q = - d°xdA ia exp ( -% 

o J M 3 



A / 2idA 



5 ( 3C 

— exp U— 



and C denotes the Chern-Simons functional 



(43) 



(44) 



C = d 3 xe^ k (AiadjAl + ±6 abc A ta A jb A ck ^j (45) 
Indeed in the reduced phase space analysis, the restricted sector of the theory corresponding 



to (|43| ) is described by the Ashtekar-Renteln ansatz||14 

A 



(46) 



This ansatz is the set of initial data for conformally self-dual Einstein manifolds and they 
are described by 



(47) 
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S a b = — (A/3)5 a & is precisely Type O for this sector of the full theory. A naive counting of 
the number of constraints tells us that if we are restricted to this TQFT phase, there are 
no local degrees of freedom. In this phase, the reduced action is 

Atqft = -77A77 / Fa A F a (48) 
lb7rAG J m 

The resulting constraints are Eqn. ([|6|) and Gauss' law. This set of constraints, however, 
is reducible since ([46]) generates deformations of the gauge potential, and so if it holds, so 
will Gauss' law. The BRST analysis of this TQFT action has been performed (see|| for 
details) and the BRST invariants from the descent equations were successfully identified 
with the Donaldson maps by WittenQ. If we let Stqft be the BRST transformation, 
then the action is invariant under 

Stqft A a = -Drj a + ^p a (49a) 

STQFTVa = ~-e a hC VbVc + 4>a (496) 
$TQFTlpa = -C N&^c - D(p a (49c) 
5 T QFT(pa = -C bC Vb<Pc (49d) 



Comparing with Eqns. ( p0[) and (^Tj), this restricted (Type O) phase of the full theory can 
be identified with the TQFT of Eqn. ( [48]) with Donaldson- Witten invariants, if we make 
the substitution 

V'o = kF a and 4> a = —i^i^F a (50) 

In this sector, the role of E has been eliminated in terms of F. From the vantage point of 
the BRST invariants and the observables we have constructed so far, we see that in this 
phase the elements of the descents are degenerate because of fl47l). 

Eqn. ( (42|) can have solutions which are not annihilated by the topological charge Q 
of Eqns. (fW]) - (|45|). When this happens, we are no longer in the TQFT phase, and 
classically at least, we will have solutions which are not of Type O. Outside of this phase, 
the variables E and F are no longer proportional to each other, and so there can be 
full-fledged canonical degrees of freedom in the theory. A naive counting of the number 
of constraints minus the number of conjugate pairs shows that we now have up to two 
unconstrained degrees of freedom. These represent local fluctuations in the vierbeins and 



the Ashtekar connections 11]. However, it is important to remember that we still maintain 



complete diffeomorphism invariance, so it is not clear these degrees of freedom can be 
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directly identified with the graviton[Q 0]. In any case, the BRST descent sequences are now 
independent of each other, and the observables are characterized by many more invariants. 
Despite the local nature of the fluctuations in S and F, the observables described by the 
invariants are non-local, since exact diffeomorphism symmetry remains unbroken. The 
physical implications of these observables when this invariance is broken, as well as the 
important question of what happens in the presence of matter couplings, will be discussed 
elsewhere. 
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